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Abstract
In this paper, by using the Krasnoselskii cone fixed point theorem, we obtain a sufficient condition as well as a necessary
condition for the existence of positive periodic solutions of the following generalized Nicholson’s blowflies model:
x ′(t) = −δ(t)x(t)+
m∑
i=1
pi (t)x(t − τi (t))e−qi (t)x(t−τi (t)), t ≥ 0.
In the degenerate case, i.e., where the coefficients and delays of the above equation are all constants, a sufficient and necessary
condition for the existence of positive periodic solutions is obtained. Our results are completely new, and generalize and improve
some results from the literature.
c© 2008 Published by Elsevier B.V.
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1. Introduction
In 1980, Gurney et al. [1] proposed a mathematical model
N ′(t) = −δN (t)+ PN (t − τ)e−aN (t−τ)
to describe the dynamics of Nicholson’s blowflies. Here, N (t) is the size of the population at time t, P is the maximum
per capita daily egg production, 1/a is the size at which the population reproduces at its maximum rate, δ is the per
capita daily adult death rate, and τ is the generation time. Nicholson’s blowflies model belongs to a class of biological
systems and it has attracted more attention because of its extensively realistic significance, its greater details and
discrete analogues; see [2–6].
In this paper, we consider a class of the generalized Nicholson’s blowflies model as follows:
x ′(t) = −δ(t)x(t)+
m∑
i=1
pi (t)x(t − τi (t))e−qi (t)x(t−τi (t)), t ≥ 0, (1.1)
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and we assume that (H) holds:
(H) δ, pi , qi ∈ C(R+, (0,∞)) and τi ∈ C(R+, R+) are T -periodic functions for i = 1, 2, . . . ,m.
Let Im = {1, 2, . . . ,m}. For a continuous T -periodic function f (t), let
f ∗ = max
t∈[0,T ]
f (t), f∗ = min
t∈[0,T ] f (t),
and
f¯ = 1
T
∫ T
0
f (t)dt.
Take the initial condition
x(s) = φ(s), φ ∈ C([−τ ∗, 0], R+) and φ 6≡ 0, (1.2)
where
τ ∗ = max
i∈Im
τ ∗i .
It is easy to prove that the initial value problem (1.1) and (1.2) has a unique non-negative solution x(t) on [0,∞),
and x(t) > 0 for t ≥ τ ∗.
For the above generalized Nicholson’s blowflies model (1.1), Luo et al. [7] researched global attractivity of its
positive equilibrium for the degenerate case, i.e., the coefficients and delays in Eq. (1.1) are all constants. Recently,
the existence of positive periodic solutions of Nicholson’s blowflies models with single delay or impulsive delay has
been already investigated by some authors; e.g. see [2,8,9], and so on.
In [8], the existence of positive T -periodic solutions of the following equation
x ′(t) = −δx(t)+ px(t − τ)e−ax(t−τ), t ≥ 0 (1.3)
has been researched; the result obtained is that if
1− e−δT < pT < e(1− e−δT ) (1.4)
holds, then Eq. (1.3) has a positive T -periodic solution.
Article [9] considered the equation
x ′(t) = −δ(t)x(t)+ p(t)x(t)e−ax(t), t ≥ 0, (1.5)
where a is a positive constant, δ and p are positive T -periodic functions. The existence condition for positive T -
periodic solutions of Eq. (1.5) obtained in [9] is that
p∗ ≥ δ∗. (1.6)
To the best of our knowledge, there are no results for the existence of positive T -periodic solutions of the equation
x ′(t) = −δ(t)x(t)+ p(t)x(t − τ(t))e−q(t)x(t−τ(t)), t ≥ 0 (1.7)
and Eq. (1.1).
In recent years, the existence of positive T -periodic solutions of periodic ecological models with several delays has
been studied by many authors; e.g. see [10,11], and references therein.
What is worth mentioning is that the result of the sufficient and necessary conditions for the existence of positive
periodic solutions of Nicholson’s blowflies model or the generalized Nicholson’s blowflies model has not been seen
in published articles until now; our results are completely new.
2. Main result
We will prove the following theorem.
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Theorem 2.1. Assume that (H) holds, and that
m∑
i=1
pi (t) > δ(t), t ∈ [0, T ]. (2.1)
Then Eq. (1.1) has at least one positive T -periodic solution.
Consider the integral equation
x(t) =
∫ t+T
t
G(t, s)
m∑
i=1
pi (s)x(s − τi (s))e−qi (s)x(s−τi (s))ds, (2.2)
where
G(t, s) = e
∫ s
t δ(u)du
eδ¯T − 1 , s ∈ [t, t + T ]. (2.3)
It is easy to see that Eq. (1.1) has T -periodic solutions if and only if Eq. (2.2) has T -periodic solutions.
Clearly, G(t + T, s + T ) = G(t, s), and
0 < N
def= G(t, t) ≤ G(t, s) ≤ G(t, t + T ) = M, s ∈ [t, t + T ],
and so
1 >
N
M
def= k > 0.
Let
X = {x = x(t) ∈ C(R, R) : x(t + T ) = x(t)}
and
‖x‖ = max
t∈[0,T ]
|x(t)| for x ∈ X.
Then X is a real Banach space endowed with the usual linear structure and norm ‖ · ‖.
Define a subset in X by
P = {x ∈ X : x(t) ≥ k‖x‖, t ∈ [0, T ]}.
It is easy to see that P is a cone in X . Define an operator A : X → X by
(Ax)(t) =
∫ t+T
t
G(t, s)
m∑
i=1
pi (s)x(s − τi (s))e−qi (s)x(s−τi (s))ds. (2.4)
For x ∈ P, t ∈ [0, T ],
(Ax)(t) ≤ M
∫ T
0
m∑
i=1
pi (s)x(s − τi (s))e−qi (s)x(s−τi (s))ds,
and
(Ax)(t) ≥ N
∫ T
0
m∑
i=1
pi (s)x(s − τi (s))e−qi (s)x(s−τi (s))ds ≥ k‖Ax‖.
Hence,
AP ⊂ P.
Lemma 2.1. Let (H) hold. Then A : P → P is completely continuous.
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Proof. Clearly, A is continuous on R+. For any x ∈ P, t ∈ R+,
|(Ax)(t)| = (Ax)(t) =
∫ t+T
t
G(t, s)
m∑
i=1
pi (s)x(s − τi (s))e−qi (s)x(s−τi (s))ds
≤
∫ t+T
t
G(t, s)
m∑
i=1
pi (s)x(s − τi (s))e−q∗x(s−τi (s))ds
≤ MT p¯
q∗e
, (2.5)
where
q∗ = min
i∈Im
qi∗, p¯ = 1T
∫ T
0
m∑
i=1
pi (t)dt.
And
|(Ax)′(t)| =
∣∣∣∣∣G(t, t + T ) m∑
i=1
pi (t + T )x(t + T − τi (t + T ))e−qi (t+T )x(t+T−τi (t+T ))
−G(t, t)
m∑
i=1
pi (t)x(t − τi (t))e−qi (t)x(t−τi (t))
− δ(t)
∫ t+T
t
G(t, s)
m∑
i=1
pi (s)x(s − τi (s))e−qi (s)x(s−τi (s))ds
∣∣∣∣∣
=
∣∣∣∣∣−δ(t)(Ax)(t)+ m∑
i=1
pi (t)x(t − τi (t))e−qi (t)x(t−τi (t))
∣∣∣∣∣
≤ δ
∗MT p¯
q∗e
+ 1
q∗e
m∑
i=1
p∗i .
Hence, {Ax : x ∈ P} is a family of uniformly bounded and equicontinuous functions on [t, t + T ] for t ∈ R+. By
using the Ascoli–Arzela theorem, A : P → P is compact. Hence, A : P → P is completely continuous. The proof
of Lemma 2.1 is completed. 
Lemma 2.2. Let (H) hold, and let
m∑
i=1
pi (t) > δ(t), t ∈ [0, T ]. (2.6)
Then there are positive constants A and B such that for x ∈ P,
‖Ax‖ ≤ B, and ‖Ax‖ ≥ A. (2.7)
Proof. From (2.5), for any x ∈ P, t ∈ R+,
(Ax)(t) ≤ MT p¯
q∗e
def= B,
then
‖Ax‖ ≤ B. (2.8)
From (2.6), there is γ > 1 such that
m∑
i=1
pi (t) > γ δ(t), t ∈ [0, T ]. (2.9)
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For any x ∈ P, t ∈ R+,
(Ax)(t) =
∫ t+T
t
G(t, s)
m∑
i=1
pi (s)x(s − τi (s))e−qi (s)x(s−τi (s))ds
> γ
∫ T
0
δ(s)e
∫ s
0 δ(u)du
eδ¯T − 1 mins∈[0,T ],i∈Im{x(s − τi (s))e
−q∗x(s−τi (s))}ds
≥ γ min{x∗e−q∗x∗ , x∗e−q∗x∗}, (2.10)
where
q∗ = max
i∈Im
q∗i .
Comparing (2.2) with (2.4), we also have for x ∈ P, t ∈ R+,
x(t) > γ min{x∗e−q∗x∗ , x∗e−q∗x∗},
which implies that
x∗ > γ min{x∗e−q∗x∗ , x∗e−q∗x∗}. (2.11)
In the same way as (2.5), x(t) ≤ B, which implies that
x∗ ≤ B. (2.12)
If min{x∗e−q∗x∗ , x∗e−q∗x∗} = x∗e−q∗x∗ , then
(Ax)(t) > γ Be−q∗B def= A11 > 0.
If min{x∗e−q∗x∗ , x∗e−q∗x∗} = x∗e−q∗x∗ , from (2.11), x∗ > γ x∗e−q∗x∗ , which implies that
x∗ >
ln γ
q∗
.
From (2.10), we obtain
(Ax)(t) > γ · ln γ
q∗
e−q
∗· ln γq∗ = ln γ
q∗
def= A12 > 0.
Let
A = min{A11, A12}.
Then for x ∈ P ,
‖Ax‖ ≥ A. (2.13)
The proof of Lemma 2.2 is complete. 
Let
Ω1 = {x ∈ X : ‖x‖ ≤ A},
and
Ω2 = {x ∈ X : ‖x‖ ≤ B}.
Clearly,Ω1 andΩ2 are open bounded subsets in X , and θ ∈ Ω1, Ω¯1 ⊂ Ω2, From Lemma 2.1, A : P∩(Ω¯2\Ω1) → P
is completely continuous.
If x ∈ P ∩ ∂Ω2, which implies that ‖x‖ = B, from Lemma 2.2, ‖Ax‖ ≤ B. Hence ‖Ax‖ ≤ ‖x‖ for x ∈ P ∩ ∂Ω2.
If x ∈ P ∩ ∂Ω1, which implies that ‖x‖ = A, from Lemma 2.2, ‖A‖ ≥ A. Hence ‖Ax‖ ≥ ‖x‖ for x ∈ P ∩ ∂Ω1.
From the cone fixed point theorem (Theorem 4.4 in [12, P314]), the operator A has at least one fixed point lying in
P ∩ (Ω¯2 \ Ω1), i.e., Eq. (1.1) has at least one positive T -periodic solution. Theorem 2.1 is proved.
When m = 1, Eq. (1.1) changes into (1.7). From Theorem 2.1, we have the following corollary immediately.
J. Li, C. Du / Journal of Computational and Applied Mathematics 221 (2008) 226–233 231
Corollary 2.1. Let δ, p ∈ C(R+, (0,∞)) and τ ∈ C(R+, R+) be T -periodic functions, and let p(t) > δ(t) for
t ∈ [0, T ]. Then Eq. (1.7) has at least one positive T -periodic solution.
Remark 2.1. Theorem 2.1 generalizes and improves results from [2,3].
3. Necessary condition
Theorem 3.1. Assume that (H) holds, and that
m∑
i=1
pi (t) ≤ δ(t) for t ∈ [0, T ]. (3.1)
Then every positive solution of Eq. (1.1) tends to zero as t →∞.
Proof. Let x(t) be any positive solution of Eq. (1.1). Eq. (1.1) can be changed into
(x(t)e
∫ t
0 δ(u)du)′ = e
∫ t
0 δ(u)du
m∑
i=1
pi (t)x(t − τi (t))e−qi (t)x(t−τi (t)), t ≥ 0.
Integrating the above from t0 > 0 to t > t0, we have
x(t) = x(t0)e−
∫ t
t0
δ(u)du +
∫ t
t0
e
− ∫ st0 δ(u)du m∑
i=1
pi (s)x(s − τi (s))e−qi (s)x(s−τi (s))ds. (3.2)
From (3.1),
x(t) ≤ x(t0)e−
∫ t
t0
δ(u)du + 1
q∗e
∫ t
t0
δ(s)e
− ∫ st0 δ(u)duds
= x(t0)e−
∫ t
t0
δ(u)du + 1
q∗e
[
1− e−
∫ t
t0
δ(u)du
]
.
Let β = limt→∞ sup x(t); then 0 ≤ β < ∞. Below we prove that β = 0. We have some possible cases to consider.
Case 1. x ′(t) > 0 eventually. Choose t0 > 0 such that x ′(t) > 0 for t ≥ t0. Then 0 < x(t − τi (t)) < x(t) for
t ≥ t0 + τ ∗ and i = 1, 2, . . . ,m. From (1.1), for t ≥ t0 + τ ∗
0 < −δ(t)x(t)+
m∑
i=1
pi (t)x(t − τi (t))e−qi (t)x(t−τi (t))
<
[
m∑
i=1
pi (t)− δ(t)
]
x(t) ≤ 0.
This contradiction shows that Case 1 is impossible.
Case 2. x ′(t) < 0 eventually. Choose t0 > 0 such that x ′(t) < 0 for t ≥ t0. Then β < x(t − τi (t)) < x(t0− τi (t0))
for t ≥ t0 + τ ∗, i = 1, 2, . . . ,m. From (3.1) and (3.2), we have
x(t) ≤ x(t0)e−
∫ t
t0
δ(u)du +max
i∈Im
x(t0 − τi (t0))e−q∗β [1− e−
∫ t
t0
δ(u)du]. (3.3)
Let t →∞ in (3.3); we obtain
β ≤ max
i∈Im
x(t0 − τi (t0))e−q∗β .
Again let t0 →∞ in the above; we have that β ≤ βe−q∗β , which implies that β = 0.
Case 3. x ′(t) is oscillatory. In this case, there is {tn} with tn →∞ as n →∞ such that
x ′(tn) = 0 for n = 1, 2, . . . , and lim
n→∞ x(tn) = β.
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From (1.1),
δ(tn)x(tn) =
m∑
i=1
pi (tn)x(tn − τi (tn))e−qi (tn)x(tn−τi (tn))
≤ x(tn − τl(tn))e−q∗x(tn−τl (tn))
m∑
i=1
pi (tn), (3.4)
where l = l(n) ∈ Im such that
x(tn − τl(tn))e−q∗x(tn−τl (tn)) = max
i∈Im
{x(tn − τi (tn))e−q∗x(tn−τi (tn))}.
From (3.1) and (3.4), we have
x(tn)eq∗x(tn−τl (tn)) ≤ x(tn − τl(tn)). (3.5)
Set α = lim supn→∞ x(tn − τl(tn)), then α ≤ β. Finding the superior limit of both sides of (3.5), we obtain
βeq∗α ≤ α.
And so
βeq∗α ≤ α ≤ β,
which implies that β = α = 0. The proof is complete. 
From Theorem 3.1, we have the following results immediately.
Corollary 3.1. Let (H) and (3.1) hold. Then Eq. (1.1) has no positive T -periodic solution.
Combining Theorem 2.1 and Corollary 3.1, we have
Corollary 3.2. Let (H) hold, and let
∑m
i=1 pi (t) = γ δ(t) with γ > 0. Then Eq. (1.1) has at least one positive
T -periodic solution if and only if γ > 1.
Corollary 3.3. We have the equation
x ′(t) = −δx(t)+
m∑
i=1
pi x(t − τi )e−qi x(t−τi ), t ≥ 0, (3.6)
where δ, pi , qi and τi are positive constants. Eq. (3.6) has at least one positive ω-periodic solution if and only if∑m
i=1 pi > δ, where ω is any positive constant.
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